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Abstract. In the three-state mixing framework, considering the possible glueball components of 7 and 7',
we investigate the hadronic decays of fo(1370), fo(1500) and fo(1710) into two pseudoscalar mesons. The
quarkonia—glueball content of the three states is determined from a fit to the new data presented by the
WA102 Collaboration. We find that these data are insensitive to the possible glueball components of 7
and 7n’. Furthermore, we discuss some properties of the mass matrix describing the mixing of the isoscalar

scalar mesons.

1 Introduction

Recently, based on the mass matrix motivated by [1], [2]
has investigated the implications of the new data pre-
sented by the WA102 Collaboration [3] for the glueball-
quarkonia content of fo(1370), fo(1500) and fo(1710) (be-
low denoted f1, fo and f3, respectively). We propose that
some points can be improved on. First, in the reduced par-
tial width I'(f; — nn’) in [2], the sign of the contribution
of the diagram d of Fig. 1 was flipped; it should be nega-
tive. The flipped sign actually arose from a typo in (A5)
of [4] where the X should all read 1/A!. Second, the mixing
angle of nn and 1’ was determined to have the very small
value of —5 =+ 4° [2] which is inconsistent with the value
of —15.5 + 1.5° as determined from a rather exhaustive
and up-to-date analysis of data including strong decays of
tensor and higher spin mesons, electromagnetic decays of
vector and pseudoscalar mesons, and the decays of J/v
[5]. Also, the possibility that glueball components exist in
n and 1’ was not considered in [2]. Reference [6] already
suggested that the n and 7’ wave functions need glueball
components.

In this work, instead of the mass matrix by which one
is confronted with confusing mass level order involving the
masses of the bare states (u@ + dd)/2'/?, s5 and the glue-
ball [1,7-9], we shall adopt another mixing scheme which
can be related to the mass matrix to describe the mixing
of f1, fo and f3; then we can discuss some properties of the
mass matrix based on our preferred results. In addition,
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we shall consider the possibility that the glueball compo-
nents exist in 7 and 7’ when we investigate the hadronic
decays of f1, fo and f3 into two pseudoscalar mesons, and
check whether these new data are sensitive to the possible
glueball components of 7 and 7’ or not.

2 Mixing scheme and decays

Based on the three Euler angles 61, 5 and 03, the mixing
of f1, fo and f3 can be described as
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Fig. 1a—d. The coupling modes considered in this work. a The
coupling of the quarkonia components of f; to the final pseu-
doscalar meson pairs, b the coupling of the glueball compo-
nents of f; to the final pseudoscalar meson pairs via gqgq in-
termediate states, ¢ the coupling of the glueball components of
fi to the glueball components of the final isoscalar pseudoscalar
mesons, and d the coupling of the glueball components of f; to
the quarkonia of the final isoscalar pseudoscalar meson pairs

where |8) = |uw + dd — 2s3) //6, |1) = |ut + dd + s3)/\/3,
IN) = |ui +dd)/v2, |S) = |s5), |G) = |gg); c1 (c2,¢3)=
cos 01 (cos by, cosbs), s1 (s2,53)=sinf; (sinfbs,sinfs), and
—180° < #; < 180°, 0° < 6, < 180°, —180° < 65 < 180°.
One advantage of this mixing model is the existence of
only three unknown parameters with definite ranges of
change.

Considering that glueball components possibly exist in
the final isoscalar pseudoscalar mesons [6], for the hadronic
decays of f; (here and below, i = 1,2, 3) into pseudoscalar
meson pairs, we consider the following coupling modes as
indicated in Fig. 1:

(a) the coupling of the gg components of f; to the final
pseudoscalar meson pairs;

(b) the coupling of the glueball components of f; to the fi-
nal pseudoscalar meson pairs via gqqq intermediate states;
(c) the coupling of the glueball components of f; to the
glueball components of the final isoscalar pseudoscalar
mesons; and

(d) the coupling of the glueball components of f; to the
qq components of the final isoscalar pseudoscalar meson
pairs. Based on these coupling modes, the effective Hamil-
tonian describing the hadronic decays of f; into two pseu-
doscalar mesons can be written as [10]

Heg = 1\ Tr(frPrPr) + g2 faTr(PpPr) + g3faPaPa
+ 94fcTr(Pp)Tr(Pr), (4)

where g1, g2, g3 and g4 describe the effective coupling
strengths of the coupling modes (a), (b), (c¢) and (d), re-
spectively. fg and Pg are SU(3) flavor singlets describing
the glueball components of f; and the final isoscalar pseu-
doscalar mesons, respectively. fo and Pg can be given by

fa =Y zfi, Po=>_zj, ()
i J

D.-M. Li et al.: Properties of the scalar mesons fo(1370), fo(1500) and fo(1710)

where z; denotes the glueball content of j (here and below
j=mn,1n"). fr and Pp are 3 x 3 flavor matrixes describing
the ¢g components of f; and the final pseudoscalar mesons,
respectively. fr can be written as

>

fi 0 0

fr=

Pr can be written as

1 0 .’L'j .
—a’ + —j Tt KT
1 i
Pr = ™ —EWO‘F %] 0 ’
K~ K° > Yi

where x; and y; denote the (u@ +dd)/2'/2, s5 contents of
j, respectively, and they satisfy x? + y]2 + ij =1.
Introducing g2/g1 = r1, g3/g1 = 72, g4/g1 = T3, from
(4)—(7) one can obtain
I(fi = 7m) = 393 Qinn s + V22717,
I(fi = KK) = gig;x g e + V2yi + 2v221 7,
I(fi =) = gidim[ziz: + V242y;
—|—\/§(x727 + yg)zirl + \/5272]21'7’2
+(2\/§x% + \[21/,27 + 4zz:nyn)z,;7“3]2, (10)
F(fz — 7]"7/) = g%qmn’ [\/5337,337,/331‘ + 2y71y77’yi
+2(xpxy + YpYn ) 2iT1 + 2252y 2iT2
+2(2e@y + V2 + V22,
FYnyn)zi73)%,

(8)
9)

(11)

where ¢;p, p, is the decay momentum for the decay mode
f; — PPy,

\/[Mzz — (MP1 + MP2)2] [MZQ — (MPI — MP2)2}
oM, ’
(12)

qip, P, =

M, is the mass of f;, Mp, and Mp, are the masses of the
final pseudoscalar mesons P; and P», respectively, and we
take My = (M2, + M2,)/2)'/2.

For I'(f; — mm) and I'(f; — nn’), the contribution
of the coupling mode (d) given in our present work dif-
fers from that given in [2] since we do not adopt the as-
sumption employed by [2] that the coupling of the glueball
components of f; to the gqg components of the isoscalar
pseudoscalar mesons occurs dominantly through their ss
content in chiral symmetry. In addition, even under this
assumption (i.e., z; in the terms containing r3 is set to be
zero), for I'(f; — nm’), the contribution of the mode (d)
should be proportional to +y,y,s but not +2a8 = —y,y,
as given by [2].
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Table 1. The predicted and measured results of electromag-
netic decays involving 7, 1’

Fit 1 Fit 2
Exp. [12] zj 20 G =m1n") z;=0G=nn")
x2 =1.64 x2 =9.19

I'(n —
T 58.46 £ 9.03 53.76 63.67
(w0 — )
r(n' —
Lo =) 540.78 & 104.44 561.33 728.20
(0 — )
I'(p —
Ll =) 0.051 + 0.023 0.066 0.073
I'w — 70%)
I'(n' —
Lo = pm) 0.086 & 0.016 0.086 0.111
I'(w — 70%)
I —
ENCindialB 0.078 £ 0.010 0.074 0.066
I'(w — 707)
I'(¢p —n
T =ny 0.0007 & 0.0005 0.0003 0.0004
I'w — 70%)
rJ —
LU = e 460 4 0.120 0.482 0.533
r'(J/¢ — wn0)
r(J/¢y — pn’

Wb = em) o0+ 0.079 0.223 0.285

r(J/¢ — wn9)

3 Fit results

Before performing the fit to determine the glueball-
quarkonia content of f;, we should first determine the pa-
rameters z;, y; and z;. We will adopt the mixing scheme
mentioned above to discuss the mixing of 7, 1’ and
7(1410). Recently, the mixing of the three states based
on a mass matrix has been discussed in [11]. Based on the
(22)—(29) in Appendix A, the 61, 65 and 03 are determined
as 91 = 79807 92 = 30° and 03 = 79507 and Tj, Yj and Zj
are determined as

zy = —0.731,
2y = —0.566,

yn = 0.679,
Y = —0.660,

2y = —0.069,
2y = —0.495, (13)

with x2 = 1.64, which is consistent with the results given
by [11]. If we set 02 and 63 to be zero, i.e., we do not
consider the possible glueball components of j, the mixing
angle of 7 and 7’ is determined to have a value of —15°,
which is in good agreement with the value of —15.5+1.5°
given by [5], and z; and y, are determined to be

Ty = Yy = [cos(—15°) — V2sin(—15°)]/V3, (14)
Ty = —y, = [sin(—15°) + V2 cos(—15°)]/V3, (15)

with x2 = 9.19. The x? implies that the n and 7’ wave
functions need additional glueball components. The pre-
dicted and measured results are shown in Table 1.

In order to investigate whether the new data given by
[3] are sensitive to the possible glueball components of 5
and i’ or not, we perform a fit to the data presented in
Table 3 in two cases:
(a) z; # 0 and
(b) Z5 = 0.

In the fit procedure, we take M; = 1.312GeV, My =
1.502 GeV, M3 = 1.727 GeV [3], and use the average value
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Table 2. The parameters determined from the fit
x° TL T2 T3 01 02 03
Fit (a) 205 1.0 34 0.33 —146° 118° —151°
Fit (b) 2.15 1.0 0 0.7 —148° 115° —146°

Table 3. The predicted and measured results of the hadronic
decays of f;

Exp. [3] Fit (a) Fit (b)
X2 =205 x> =215
I'(fo(1370) — 7mr)
_ 2.17 4 0.90 2.453 2.397
I'(fo(1370) = KK)
DUo(ST0) =) 454 050 0248 0.314
I'(fo(1370) — KK)
I'(fo(1500) — )
5.56 + 0.93 5.581 5.853
I'(fo(1500) — mn)
I'(fo(1500) — KK)
3340. . .
T Fo(1500) 5 ) 0.33+0.07 0.335 0.308
I'(f0(1500) — nn')
0.53 4+ 0.23 0.528 0.484
I'(fo(1500) — mn)
I'(fo(1710) — 7m)
L 0.20 + 0.03 0.191 0.200
I'(fo(1710) — KK)
L(fo(1710) = mm) 454 019 0.230 0.223
I'(fo(1710) = KK)
!
LUo(710) = m) g og00%CL) 0035 0.021

I'(fo(1710) — KK)

of 194MeV for the decay momentum go,,y [4], since fo
lies very close to the threshold in the nn’ decay mode?. In
fit (a) the parameters z;, y; and z; are taken from (13)
and in fit (b) x;, y; are taken from (14) and (15). The
parameters 61, 65, 63, r1, ro and rg in the two fits are
determined as shown in Table 2 and the predicted and the
measured results are shown in Table 3. Comparing fit (a)
with fit (b), we find that the three Euler angles and the
predicted results are not much altered, and that the x? of
the two fits are nearly equal, which shows that the new
data on the hadronic decays of f; into two pseudoscalar
mesons are insensitive to the possible glueball components
of n and 7.

Based on the parameters with the lowest x2, the phys-
ical states | f1), |f2) and |f5) can be given by

1) = —0.599|N) + 0.326]S) — 0.732|G),
|f2) = 0.795|N) + 0.350[S) — 0.495|G),
|f3) = 0.095|N) — 0.878[S) — 0.469|G).

(16)

From (16), one also can obtain

I(fr = vy): T(fa =) : L'(fs = vy)

2 In this paper, the values of the masses of other mesons are
taken from [12]
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= M%(E).’El —+ \/§y1)2 : M23(5(E2 + \/§y2)2
: M3 (523 + V2y3)?

= 14.50 : 67.75 : 3.02. (17)

This prediction can provide a test for the consistency of

our results.

4 Discussions

Now we wish to discuss the properties of the mass matrix
which can be used to describe the mixing of the scalar
mesons based on our preferred results. In the |N), |S)
and |G) basis, the general form of the mass matrix M
describing the mixing of the quarkonia and a glueball can
be written as [13]

My +24; V245 2B,
M= V245 Mg+ As By |, (18)
V2B, Bs Mg

where My, Mg and Mg represent the masses of the bare
states | V), |S) and |G), respectively; A; (Ajs) is the ampli-
tude of |N) (]|.S)) annihilation and reconstruction via in-
termediate gluons states; A, is the amplitude of the tran-
sition between |N) and |S); By (Bsz) is the amplitude of
the transition between |N) (|S)) and |G). If A, Ay and
Az are set to be zero, and Bj is assumed to be equal to
Bs, (16) would be reduced to the form employed in [1].

The physical states | f1), |f2) and |f3) are assumed to
be the eigenvectors of the mass matrix M with the eigen-
values of My, M> and M3, then we can have

M; 0 0
UMU'=| 0 My, 0 |,
0 0 M;
|f1) IN)
[f2) | =U | 19) (19)
|f3) |G)
Comparing (16) with (19), we have
—0.599 0.326 —0.732
U=| 0795 0.350 —0.495 (20)

0.095 —0.878 —0.469

Then the numerical form of the mass matrix is given by

M, 0 0
M=U"l 0 My 0 |U
0 0 Ms

1.436 0.018 —0.093
0.018 1.656 0.138
—0.093 0.138 1.450

(21)
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Equation (21) shows that As is very small. If A; and As
also can be expected to be very small, the mass level or-
der of the bare states |N), |S) and |G) would be Mg >
Mg > My, which is consistent with the argument given
by [2,8], while it disagrees with the prediction that the
glueball state has a higher mass than the ¢g state [14].
Otherwise, the mass level order of My, Mg and Mg in
the scalar sector would remain unclear. In addition, (21)
implies that the mass of the pure scalar glueball is about
1.5 GeV, which is consistent with the lattice QCD predic-
tion [15].

A salient property of (21) is that B; < 0 and By >
0. This shows that the amplitude of the transition be-
tween |N) and |G) is negative while the amplitude of
the transition between |S) and |G) is positive, which dis-
agrees with the assumption that By = Bs in Weingarten’s
model [1]. This difference maybe results from the fact
that Weingarten’s model [1] does not consider SU(3) flavor
breaking corrections, i.e., the possibility that the conver-
sion of gluon into ¢g may have a significant flavor depen-
dence [16], as well as some possible contributions induced
by non-perturbative effects. In fact, the assumption sug-
gested by chiral symmetry that the direct coupling of a
gluon to the n or 1’ occurs dominantly through their s3
component [2,17] also implies that the conversion of the
gluon into gg may be flavor dependent. However, all these
additional corrections exist in (18), and therefore exist in
x;, y; and z; since the mixing scheme mentioned in Sect. 2
in effect is equivalent to (18). Strictly speaking, the ef-
fective Hamiltonian (4) should contain an explicit SU(3)
breaking term; however, since z;, y; and z; already con-
tain the SU(3) breaking corrections, we assume that the
contribution from the explicit SU(3) breaking term in the
effective Hamiltonian (4) can be ignored. Therefore, al-
though the effective Hamiltonian (4) is constructed in the
SU(3) limit, our analysis still allows for the SU(3) break-
ing corrections. Of course, our result that B; and By are
out of phase is different from the general expectation in
lattice QCD that B; and By are in phase; however, in
the present situation, lattice QCD predictions maybe still
have remaining options open due to the quenched approxi-
mation etc. In the absence of detailed understanding of the
dynamics mechanism of the conversion of gluon into dif-
ferent gg and the lattice QCD presenting incontrovertible
conclusions on this matter, there might not be convincing
reasons to expect that the relation between By and B
should behave as B; = Bs.

In addition, based on Weingarten’s model [1], one can
get different predictions on the quarkonia—glueball struc-
ture of f; due to the different assumptions about the mass
level order of Mg, Mg and My [1,2,7-9]. That our present
results are different from the previous results [1,2,7-9]
mainly results from that the fact that our analysis does
not make any assumption on the mass level order of Mg,
Mg and My, and also from the assumption that By = By
is not incorporated in our present analysis.

We note that the values of r; and ro are inconsistent
with r; and 79 being less than unit, the prediction given
by the perturbative theory. We find that if we restrict
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r1, 7o and r3 to the viewpoint of the perturbative the-
ory, ie., r1 < 1,79 < 1 and r3 < 1, the x? increases
from 2.05 to 3.80, but the results given above are not
much altered. However, in the scalar sector there are no
convincing reasons to expect that the perturbative the-
ory should be valid. The values of 1 and r9 imply that
the non-perturbative effects in the scalar sector could be
rather large.

5 Summary and conclusions

Using the three Euler angles, we introduce a mixing
scheme to describe the mixing of the isoscalar scalar
mesons. In this mixing framework, considering the four
coupling modes as shown in Fig. 1, we construct the ef-
fective Hamiltonian to investigate the two-body hadronic
decays of fy(1370), fo(1500) and fo(1710). The glueball-
quarkonia content of the three states is determined from
the fit to the new data about the hadronic decays of the
three states presented by the WA102 collaboration. Our
conclusions are as follows.

(1) A large mixing effect exist in the three states.

(2) The new data on the hadronic decays of fy(1370),
fo(1500) and fo(1710) are insensitive to the possible
glueball components of  and 7’.

(3) The non-perturbative effects in the scalar sector are
rather large.

(4) Our preferred results do not support the assumption
employed by Weingarten’s mass matrix describing the
mixing of the isoscalar scalar states [1] that By = Bs.
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Appendix A: Formulae for the electromagnetic
decays widths rates involving n and n’

The relevant formulae are

In—>vy) 1M\ 2
I'(m = ~v) 9 \ Mo (Bay + \/ﬁyn) ) (22)
I =) 1 My\° 2
Bl A A S , 20 2
1”(7-(0 — 'Y’Y) 9 ]\471_O (51‘7, + \/>y77 ) ’ ( 3)
Clp—my) _ | My = MM, |-, (24)
I'w — 70y) (M2 — Mio)Mp m
3

I'(w — 79) (M2 — M?2) M,y e

3
D(w—70)  9m2 | (M2 — M2%)M, >
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F(¢ = n'7) _ %ﬂi (Mi — Mg/)Mw 2 (27>

T(w— %) 9m2 | (M2 - M2)M,| U

'(J/y—pn)
I(J/p — wnd)

\/[Mﬁ/w — (M, + My)?|[M3,, — (M, — M,;)?] ’
\/[Mg/w - (M, + M,To)2][M§/w — (M, — M0)?]
Xz, (28)

rU = o)
I'(J/v — wn9)

\/[Mg/w — (M, + My )?][M3,, — (M, — My)?] ’

\/[Mg/w - (M, + M”O)z][Mﬁ/w — (M, — M0)?]

(29)
where M,, M,, My and M;,, are the masses of p, w,
¢ and J/v, respectively; m, and mg are the masses of
the constituent quark uw and d, respectively. Here we take
My /ms = 0.642 as used in [18].
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